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The convenience of using non-linear resonances for slow particle 
ejection from accelerators is explained by the fact that these resonances 
break down the phase plane into regions which have different 
qualities of motion /1/. Inside the regions which are bounded by 
the closed separatrixes, the motion is steady, particularly in the 
case of oscillations having a small amplitude. The amplitude of the 
oscillations is limited and only experiences pulsations whose maximum 
value does not normally exceed twice the amplitude which the 
particles had when far away from the resonance. Outside these regions, 
provided special steps are taken to compensate the stabilising cubic 
non-lineary /2/, the motion is unsteady and unlimited. The size of 
the region of steady motion for a selected strength of the resonance 
harmonic depends on the de-tuning. By varying the de-tuning at the 
appropriate rate, we can expel the particles which are inside the separatrixes 
of steady motion and compel them to move along the phase 
trajectories which depart into infinity, and cause them to be captured 
by the resonance. 
The choice of the strength of the resonance harmonic is determined 
by the need to obtain a sufficiently large pitch in the inc ease in 
amplitude (beam displacement) during the movement of the particles 
along the separatrix of unsteady motion, in order to ensure a high 
ejection efficiency. The separatrixes which correspond to the beginning 
and end of ejection limit the phase volume of the ejected beam 
and, for the selected beam displacement, determine its value 
If there are non-linear terms of up to the third power (higher powers 
do not provide results which are interesting from the practical point 
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Here, R is the radius of the orbit, Ρ = HR is the particle momentum, 
H(x) is the field on the orbit, G(x) is the gradient on the orbit, 
Δ Η(x) and Δ G(x) are perturbations of the field and gradient 
on the orbit. 
The values of the perturbations in the right-hand part of equation 
(1) are assumed to be small, and therefore the solutions can be 
represented in the following form /3/: 
r (x) = a (x) Ø (x) + k.c. =2 |a| |Ø| cos (2πQΝ + X(x) + η (x)), (2) 
r(x) = a(x) Ø (x) + k.c. = 2 |a| |Ø|cos (2πQΝ + X (x) + η (x)), (3) 
where a(x) = |a|eiX(x) is the total amplitude, 
Ø(x) f(x)e12πQN is a Floquet function, 
f(x) = |Ø|e iη(x) - is the periodic part of the Floquet function, 
f'(x) = |Ø|eiη'(x) - is the periodic part of the derivative of 
the Floquet function, Q is the frequency of betatron oscillations, 
L is the length of the orbit, N = X L is the revolution number. 
The averaged equations for the resonance of the k-th order may be 
written in Hamiltonian form /1/ for the canonical variables 
|a|2 and ψ 
d|a|2 ∂Η , dΝ ∂ψ (4) 
dψ ∂H 
, dN d|a|2 (5) 
with the Hamiltonian 
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H = 4 |Am| |a|k cos (kψ + αm) + 
2 |Bn| |a|k = 2 cos(kψ + βn) ∑ ∑ k k = 1 k = 1 
+ 2πδ |a|2 + 3 Κ |a|4, 4 cub (6) 
where ψ = 2 π δ Ν + Χ is the generalized phase; 
Am = 
2 L 1 d(k-1)H(x) 1 f*k e-im 
2πx 
dx = |Am| e - (7) ∫ L |w| (k-1) dr(k-1) Ρ 0 
is the amplitude of the m-th harmonic of perturbation created 
by the non-linearity of the power k -1 in the right-hand part of 
equation (1). 
Βn = 
2 L 1 d(k + 1) H(x) 1 |Ø|2*kf e-in 
2πx 
dx = |Bn|e - (8) ∫ L |w| (k + 1)! dr(k + 1) Ρ 0 
is the amplitude of the n-th harmonic of perturbation created by the 
non-linearity of the power k + 1 in the right-hand side of equation 
(1); 
δ = Q - m = Q - n << 1 - is the de-tuning; (9) k k 
αm and βn are the phases which depend on the choice 
of the origin of the system of co-ordinates and on the perturbation 
phase y; w = ØØ*' - Ø'Ø* = - 2 im is the normalization 
of the Floquet functions. 
Κ = 1 
L 1 d3 H(x) |Ø|4 dx - (10) ∫ |w| 3 Ρ d r3 cub 0 
is a coefficient which takes into account the non-linear shift in frequency due to cubic non-linearity. 
It will be seen from (6) that together with the resonance of the k-th 
order, the non-linearity may excite a resonance of the k-2-th order. 
Thus, for the IHEP accelerator resonances of the following form are 
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possible: 
a) of the fourth order on the 40th, 39th and 38th harmonics of cu¬ 
bic non-linearity when Q = 40 4 
= 10; Q = 39 = 9.75; Q = 38 = 9.5; 4 4 
b) of the third order on the 29th and 30th harmonics of quadratic 
non-linearity when Q = 29 3 = 9
2/3; Q = 30 3 = 10; 
c) of the second order ont the 19th and 20th harmonics of cubic 
non-linearity and gradient, when Q = = 9,5 
Q = 19 = 9.5; Q = 20 =10; 2 2 
d) of the first order on the 10th harmonic of quadratic non-linearity 
and the 20th harmonic of the gradient when Q = 10 
As we know /1/, the constant component of cubic non-linearity (the 
term 3 K c u b . || 4 4 in the Hamiltonian) has a sta­
bilizing action on the resonance of the betatron oscillations. From 
the practical point of view, when a non-linear resonance is isued 
for ejection, the limitation of the amplitude results in a reduction 
in ejection efficiency. Cubic non-linearity has a substantial influence 
in practice only when the fields in the accelerator are 
maximum. Its compensation in this case considerably improves the 
characteristics of the ejected beam /2/, and we shall therefore 
consider in the rest of this paper that Κcub = 0. 
Since the Hamiltoniaa (6) does not explicitly depend on N, the equation 
Η = const represents an equation of the phase trajectories in the 
vicinity of the resonance. The system (4) - (5) has specific solutions 
when 
d|a|2 = d ψ = 0. (11) d Ν d N 
These solutions in the plane (r, r ' ) represent fixed points 
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Γφ = 2 |a|φ|Ø| cos (2π m Ν + ψφ + η + ), (12) k 
Γφ = 2 |a|φ|Ø| cos(2π m Ν + ψφ + η' + ), (13) k 
which repeat themselves over k or k-2 revolutions. The character of 
motion in the vicinity of these points may be investigated by the 
normal Lyapunov method /4/. Usually, the solution |a| φ = 0 is 
stable (specific centre point), || φ ≠ 0 is unstable (specific 
saddle point). The equation H = H(|a|φ,ψφ) represents 
the equation of the pase-trajectories/separatrixes which pass 
throught the fixed points. With a slow variation in de-tuning δ  
(slow ejection), the particles which have left the steady region will 
move virtually along the separatrixes. 
It is convenient to examine the properties of the solutions to system 
(4) - (5) in the normalized phase plane, where the phase of the 
Floquet function is used as an independant variable /3/ 
Φ (X) = 
x |w| dx 
. (14) ∫ 2 |Ø|2 0 
The normalized deviation is writtent as 
rΗ = r = 2 |a| cos (ψ + 2π m Ν + η + ) = 2 |a| cos (Φ + x) |Ø| k 
The normalized angle is 
r'H 
d rH = 2|Ø| d r - 2 d|Ø| r = - 2 |a| sin (Φ + x) d Φ |w| d x |w| d x 





), rH' r' (15) 
where the matrix Ν has the form: 
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Since det Ν = 1 m, the transformation (15) preserves numerically 
the areas of the phase regions. 
I. Fourth-order resonance on cubic non-linearity 
4Qres = m 
When αm = π 2 and δ = Q - m > 0 4 we obtain 
fixed solutions from (6): 
ψ'φ = 
3 π 
; 7 π ; 11 π ; 15 π ; (17) 8 8 8 8 
|a|φ = √ 
4 π δ . (18) |A m | 
The equation of the separatrixes in the system (r, r') has the 
following form (here and subsequently the index is onitted, 
since only the normalized system of co-ordinates is used): 
|Am| rr' (r2 - r'2) + π δ (r2 + r'2) = 4 π
2δ2 . (19) 16 2 |Am| 
Figure 1 shows the phase trajectories determined by equation (19) for 
δ ≠ 0 and δ = 0. The area bounded by the closed separatrix 
of steady motion is: 
S = 32 π δ n (√2 + 1) . |Am| 
Far away from the resonance, the phase trajectories are circles. If 
the de-tuning is slowly varied toward zero, the region of steady 
motion becomes shorter, the phase trajectories are distorted, but in 
such a manner that the area bounded by them remains cons tant (adia¬ 
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batic invariant) 
S0 = 4π ||02  
In the c?se of the eaulity S = S0, the particles which had an 
initial amplitude ||0 are now able to move along the phase trajectories 
which depart into the region of large amplitudes-and are 
captured in the resonance. The de-tuning δp, at which S = S0, 
determines the boundary resonance frequency for particles with an 
initial amplitude of ||0. The width of the resonance band 
for the resonance under examination is: 
δp = 
|Am| |a|02 . (20) 
8 n (√2 + 1) 
At a frequency equal to the boundary frequency, the amplitude of the 
pulsations is maximum and equal to: 
|a|max = √ 
π |a|0 ≈ 1,34 |a|0. 2 n (√2 + 1) 
The equations of motion in the system (r, r') have the form: 
d r = - |Am| r (3r2 - r2) + 2πδr', (21) d Ν 8 
dr' = - |Am| r' (3r2 - r'2) - 2πδr. (22) 
d N 8 
When ejection is achieved in practice at the selected azimuth of the 
accelerator it is desirable that the particles should move along a 
phase trajectory which corresponds to r = rmax, i.e. along the 
envelope. In the plane (r,r'), the envelope is defined as r = 2 |a|, r' =0. 
When δ = 0, the equations of the separatrices from (19)are 
determined by the formulas 
r = 0; r' = 0; r' = ± r. 
We obtain from equation (21), when δ = 0, the rate of the 
variation in the deviation along the separatrix r' =0, 
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d r 
=  |Am| r3 d Ν 8 
By this equation over four revolutions from r1 to r2, we 
obtain the of the resonance harmonic requiree for a particle 
displacement of Δ r = |r2 - r1|, 
|Am| = 
r22 - r12 , r12 r22 
When δ δp and δ = 0 , the separatrixes 
limit the phase volume of the ejected beam, which in this case is 
equal to: 
S 1,6 √ πδΡ (r2 - r1)  
|a|0 (r2 - r1). (24) |Am| 2 
If account is taken of the momentum spread of the particles, which 
leads to a frequency spread of the betatron oscillations, the phase 
volume of the ejected beam will be greater than that given by formula 
(24). In order to reduce the effect of the unstable field of the 
main magnet, it is convenient to use a system for compensating the 
dependence of the frequency Q on the momentum /2/. In this case, 
formule () will be true, even when account is taken of the momentum 
spread. 
II. Third order resonance on quadratic -linearity /2,5/ 
3 Qres = m. 
π 
2 and δ = Q -
m 3 we obtain 
(6) fixed solutions: 
ψ 
π ; 7 π ; 11 π ; (25) 2 6 6 
|a|φ = 
4 π δ ; (26) |Am| 
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and the equation of the separatrixes 
- |Am| r' (3r2 - r'2) + π δ (r2 - r'2) = 32 π
3 δ3 , (27) 
24 2 3|Αm|2 
which decomposes into three equations for the straight lines: 
(r' 4 π δ ) (r' + √3r 8 π δ ) (r' - √3r + 8 π δ ) = 0. |Am| |A m| |Am| 
Figure 2 shows the phase trajectories determined by equation (27) 
when δ ≠ 0 and δ = 0. 
The width of the resonance band is 
δp = 
|A m| |a|0 ; (28) 
2 √3 π √3 
the maximum amplitude of the pulsations in the vicinity of the resonance 
|a|max = 2 π |a|0 1,56 |a|0, √3 π √3 
the equations of motion 
d r = |Am| (r'2 - r2) + 2πδr', (29) d Ν 4 
d r' = |Am| rr' - 2πδr; (30) d N 2 
the value of the resonance harmonic required to obtain the displacement 
Δr = |r2 — r1| over three revolutions along the 
separatrix r1 = 0, when δ = 0, 
|Αm| = 4 |r2 - r1| . (31) 3 r1 r2 
In the case of de-tuning δ ≠ 0 along the separatrix r' 
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it is necessary to have, for the same displacement, a perturbation 
|Am| = 
4 |r2 - r1| (1+ 3 √3πδ). 3 r1 r2 
The value of the phase volume of the ejected beam is 
Δ S = 4 πδp |r2 - r1 | 1,56 |a|0 |r2 - r1|, (32) |Am| 
III. Second-order resonance on cubic non-linearity, m = 2 Qres 
At a frequency of Qres = m/2, it is possible to have a non-linear 
resonance on the harmonic of cubic non-linearity n = 2Qres and on 
the gradient harmonic m = 2 Qres. First let us examine the "pure" 
non-linear resonance, and then give an estimate of the influence 
of the gradient harmonic. 
When βn = π , and δ = Q - n > 0 2 2 
we obtain from (6) fixed solutions: 
ψφ = π , 5 π , (33) 4 4 
|a|φ = √ 
π δ ; (34) 
|Bn| 
the equations of the separatrixes in the system (r, r') 
|Bn| (r2 + r'2) rr' + π δ (r2 + r'2) = π
2 δ2 . (35) 
8 2 |Bn| 
Figure 3a gives the trajectories determined by means of equation (35) 
when δ = 0, and δ ≠ 0. 
The width of the resonance band is 
δp = |Bn| |a|0
2 
; (36) 2 n (√2 + 1) 
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the maximum amplitude of the pulsations in the vicinity of the resonance is 
|a|max = √ 
π |a|0 1,34 |a|0; 2 n (√2 + 1) 
the equations of motion are 
d r 
= |Bn| (r3 + 3rr'2) + 2πδr', (37) d Ν 4 
d r = -|Bn| (3 r2 r' + r'3) - 2πδr; (38) 
d N 4 
the value of the resonance harmonic, required to obtain a displacement 
of Δr = |r2 - r1| over two revolutions along the seperatrix 
r' = 0 when δ = 0, is 
|Bn| = r2
2 - r12 ; (39) 
r12 r22 the value of the phase volume of the ejected beam is 
∆S |a|0 (r2 - r1). (40) 
The resonance on the cubic non-linearity can be amplified by introducing 
the m-th gradiant harmonic. When αm = βn = π/2 
and δ = Q - m/2 = Q - n/2 > 0 we obtain from (6) (here we 




5 π , (41) 
4 4 
|a|φ = √ 
2πδ - |Gm| 




2|Bn| |Bn| 4 π 
It can be seen from (42) that the introduction of the gradient 
harmonic shifts the resonance frequency from Qres = "integer" 
+ 1/2 by the width of the parametric resonance, |Gm| /3/. 4π 
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The equation of the separatrixes has the form: 
|Bn| (r2 + r'2) rr' + |Gm| rr' + 
π (∆ + Gm' ) (r2 + r'2) = π
2.Δ2 . (43) 
8 4 2 4 π |Bn| 
Figure 3b shows the trajectories defined by equation (43) when δ  
≠ 0 and δ = 0. In order to estimate the width of the resonance 
we can use the expression for the area bounded by the separatrix of 
steady motion, 
S = 8 π Δ n (√2 + 1) √ 
Δ 
. (44) 
|Βn| Δ + 
|Gm| 
2 π 
The equations of motion in the system (r, r') are: 
d r = |Βn| (r3 + 3rr'2) + 2 π·∆·r' + |Gm| (r + r'), (45) d N 4 2 
d r' = - |Βn| (3r2 r' + r'3) - 2 π·∆·r -
|Gm| (r + r'). (46) 
d Ν 4 2 
The precise dependence of the amount of the displacement on the 
strength of the harmonics |Bn| and |Gm| can be obtained 
from (45) and (46) only by numerical integration. In order to 
estimate Δr with an accuracy of ~ the formula 
1 
= ( 1 + 
|Βn| ) e-2|Gm| - |Bn| , (47) 
r22 r1
2 2|Gm| 2|Gm| 
can be used, which is obtained by integrating (45) over two revolutions 
when r' = 0. 
The final choice of the relation between the gradient harmonic and 
the cubic non-linearity harmonic can be made only in the real system, 
on the basis of the technical possibilities and requirements placed on' 
the ejected beam. 
when "integer" + it is also possible to have a resonance 
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of the fourth order on the harmonic m = 4Qres of cubic non-linearity. 
In accordance with (17) - (18), there are four fixed points for this 
resonance, through which four separatrices pass. At a frequency of 
Qres = "integer" + 1/2, these points repeat themselves in pairs over 
two revolutions, without passing through the two others i.e. there 
are two independent orbits which form fixed points. The beam in the 
resonance decomposes into two independent parts. 
IV First order resonance on quadratic non-linearity. 
When the frequency is a "integer", all resonances are possible at the 
same time. Here, we shall consider the resonance on the quadratic non-linearity 
and with the addition of the gradient harmonic. The latter 
resonance is used for slow ejection from the CERN accelerator. The 
treatment given below differs somewhat from the familiar one. /6,7,8/. 
Taking into account only the quadratic non-linearity when βn  
= π/2 and δ = Q - n > 0, we obtain from (6) the 
fixed solutions 
ψφ = π , (48) 2 
|a|φ = 4 π ε ; (49) 3|Bn| 
the equation of the separatrixes 
|Bn| (r2 + r'2) r' + π δ (r2 + r'2) = 32 π
3 δ3 . (50) 
8 2 27 |Bn|2 
Figure 4a gives the trajectories determined by equation (50) when 
δ ≠ 0 and δ = 0. 
The width of the resonance band is δp = 3 √3 |Bn| |a|0; (51) 2 √5 π 
The maximum amplitude of the pulsations in the vicinity of the resonance 
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|a|max = 2 √3 |a|0 1,55 |a|0; 
√5 
the equations of motion: 
d r = |Bn| (r2 + 3r'2) + 2πδr', (52) d Ν 4 
d r' = - |Bn| rr' - 2πδr; (53) d Ν 2 
the value of the resonance harmonic for the displacement 
Δ r = r2 - r1 along the separatrix r' = 0  
when δ = 0 
|Bn| = 4 
r2 - r1 , (54) r1 r2 
and when the de-tuning δ ≠ 0 along the separatrix 
|Bn| = 4 r2 - r1 (1 - √3πδ); r1 r2 
the value of the phase space of the ejected beam is 
Δ S 6 √ 3 |a|0 (r2 - r1) 4,65 |a|0 (r2 - r1). (55) 5 
It will be seen from (54) that, in comparison with the third order 
resonance, the strength of the resonance harmonic must be three times 
as big in order to obtain the same displacement. The quadratic resonance 
can be amplified by introducing the gradient harmonic 
|Gm| with m = 2Qres. 
when αm β n = π/2 and δ = Q - n = 
Q - m > 0 2 the fixed solutions are determined from the equations: 
1 -2 cos 2 ψ φ = , (56) 
|a|φ = -|Gm| 
cos , (57) 
|Bn| cos 
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where x = 4 π δ . When Δ = δ - |Gm| > 0 (x 1) |Gm| 4π the solutions of these equations are (with an accuracy of ~ 3%) 
ψφ = 
π (1 + x - 1 ), (58) 4 6 
|a|φ =  
26 π  . (59) 
15 |Bn| 
There also exist solutions when |x| < 1, but they are of no 
practical value for ejection. As can be seen from (59), the addition 
of the gradient harmonic in this case too causes a shift in the resonance 
frequency by the width of the parametric resonance. 
For the combined resonance there is no simple analytical expression 
for the separatrix of steady motion. Figure 4b shows the separatrix 
obtained by integrating the equations of motion 
d r = |Bn| (r2 + 3r'2) + |Gm| (r + r') + 2π·Δ·r', (60) 
d Ν 4 2 
d r' = -|Bn| rr' - |Gm| (r +r') - 2π·Δ·r. (61) 
d N 4 2 
The precise dependence of the displacement on the strength of the 
harmonics | G m | and | B n | can be obtained by a numerical 
integration of these equations. To obtain estimates with an accuracy 
of ~ 5% the following formula can be used: 
r2 = 1 (1 + |Gm| ), (62) 1 - |Bn| 2 4 
which was obtained from (60) when r' = 0 over one revolution. The 
area of the phase region of the ejected beam is (with an accuracy 
of ~ 5%) 
Δ S = 2 π Δp (r2 - r1). (63) 
|Bn| 
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For an estimete of the width of the resonance Δp when |Gm|>0 which is 
practically always achievable) use can be made of the formula which 
determines the area of steady motion (with an accuracy of ~ 5%) 




|Bn|2 (∆ +4π 
It is also possible, near to Qres = "integer", to have a third-order 
resonance. In this resonance, there are three fixed points and three 
independent separatrixes of unsteady motion which pass through them. 
During ejection, the beam will decompose into three parts, which may 
be of advantage when ejecting the beam in three directions simultaneously. 
When the resonance is on an "integer" Q, it is necessary to take into 
account the effect on the non-linear resonance of the whole harmonic 
of the field perturbations |hm| = |Am|, which leads to distortion of 
the closed orbit. With the matched inclusion of the harmonic of non-
linearity and field (α m = βn = π ) 2 and with δ > 0 we obtain 
ψφ =  π , (65) 2 
|α|φ= 2 π δ ± √ 
4 π2δ2 - |hm| , δ > 1 √3 |hm| |Bn|, (66) 
3 |Βn| 9 |Βn|2 3 |Bn| 2 π 
in which case the solution with the + sign is unstable and the one 
with the - sign is stable. In this way, the field harmonic causes 
the stable centre-point of the region of steady motion to move away 
from zero. When √3|hm|Bn| both solution, merge into one √|hm|/3|Bn|, and the area of steady motion is 
equal to zero, i.e. the resonance frequency proper is an "integer" 
± δ. 
In a real machine, the phase of the field perturbation is arbitrary, 
and its precise taking into account can be achieved only by numerical 
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integration. The amplitude and phase of the field perturbation harmonic 
can be determined only by analysing the distortions of the closed 
orbit. Numerical estimates, at acceptable values of |hm|, show 
that the field harmonic does not seriously distort the picture of 
the non-linear resonance. 
When Qres = "integer", it is possible to have, on the quadratic non-lineraity, 
a coupling resonance of the horizontal and vertical motion. 
The Hamiltonian for the coupled oscillations has the form: 
H = 2|Cn| |a|r |a |z2 sin ψr - |Bn| |a|r3 sin ψr + 
+ 2 π δ (|a|r2 + |a|z2), (67) 
where 
Cn = 
1 L 1 d2H(x) fr*|Ø|z2 e-
2 π x 
dx, (68) ∫ L 
|w| 0 Ρ d r2 
ψz = Xz + 2 π·δ·Ν. (69) 
If the quadratic perturbation is achieved by lenses placed in the 
straight sections, then normally |Ø|r |Ø|z, and it is therefore 
possible to pose |Cn| = |Bn|. In the (r, r') 
system of coordinates, the equations of motion have the form: 
d r = |Bn| (3r'2 + r2) - 2|Bn| |a|z2 + 2πδr', (70) d Ν 4 
d r' = -|Bn| rr' - 2πδr. (71) d N 2 
Hence, when. δ > 0, we obtain fixed solutions: 
r'φ = -
4 π δ 
± √ 
16 π2δ2 + 8 |a|z2, rφ = 0, (72) 3 |Βn| 9 |Βn|2 3 
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rφ = ± 2 √2 |a|z2 - 4 π
2δ2 , r'φ = - 4 πδ . (73) 
|Bn|2 |Bn| 
Solution (73), which exists when δ < δ = √2|a|z |Bn|/2π, is unstable. 
When δ > δgr., solution (72) with the + is 
stable, and with the - sign unstable. When δ < δgr., 
both solutions in (72) are stable· 
It can be seen from the formulas given that the closed orbit of the 
stable region of motion, when ||z ≠ 0, is shifted in respect 
of the orbit for ||z δ > δgr., 
the equation for the phase trajectory passing through an unstable 
fixed point has the form: 
|Bn| (r2 + r'2) r' - |Bn| |a|z2 r' + π δ (r2 + r'2) -8 2 
- 32-π
3δ3 - 92 π δ |a|z2 = 0. (74) 27|Βn|2 27 
This trajectory is fairly close to trajectory (50)· 
When - δg < δ < δgr there are four fixed points: 
the stable (72) and unstable (73). The phase through the unstable points are determined by the equation 
|Bn| (r2 + r'2) r' - |Bn| |a|z2 r' + π δ (r2 + r'2) = 4πδ |a|z2, 8 2 
which decomposes into two (see Fig. 4c) 
r2 + r'2 = 8 | a | z 2 , . ( 7 5 ) 
= 4 π δ . (76) 
|Bn| 
The (75) is the seperatrix of unsteady motion. des the circle () into two parts. One of these parts is 
- 19 -
with particles, the other is empty. If there is a fairly rapid variation 
in the frequency in the vicinity of δ = 0, part of the particles 
may happen to be in the empty region, and remain unejected. If 
the ejection begins with δ > 0, the upper half of the circle 
when δ = 0 will still be filled with particles. For the 
total ejection of all the particles, it is necessary to change the 
sign of δ, when δ = - δgr. the upper region will 
be compressed into a point and all the particles will be ejected. 
Displacement of the separatrix of unsteady motion by Δr' = 4 π δgr./|Bn| 
for particles with |a|z ≠ 0 results in a substatial increase 
of the ejected beam. 
Since |a|z < |a|r for the ejected beam, the value 
of the displacement is only slightly affected by taking two-dimensional 
motion into account. When the gradient harmonic is added, the 
pattern of the resonance becomes much more complex if account is 
taken of coupling, but, in the main, it retains its character. 
V. Numerical example for the IHEP 70 GeV accelerator. 
The harmonics of non-linearity (7) or (β) may be produced by lenses 
placed in the straight sections. In this case, formulas (7) - (8) 
assume a simple form. Table I gives the characteristics of the slow 
ejection systems calculated in accordance with the technique described 
above. The following parameters were taken for the accelerator 
and beam: |Ø| = 5 m is the module of the Floquet 
function. Α1 = 30 mm is the minimum amplitude of the ejected beam; 
A2 = 50 mm is the maximum amplitude of the ejected beam; 
A0 = 5 mm is the amplitude of the unperturbed beam; Η = 12000 is 
the field on the orbit; R = 194.125 m is the radius of the 
orbit; = 3 m is the length of the non-linear perturbation; 
R = 8.5 is the radius of the non-linear lens; H is the 
field on the poles of the lens. 
CONCLUSION 
An examination of the processes which take place in the presence of 
- 20 -
non-linear resonances of betatron oscillations shows that there are 
great possibilities of using them for slow ejection. The choice of 
the type resonance and form of perturbation depends on the nature 
of the accelerator, the requirements placed on the ejected beam, and 
the technical possibilities of creating a non-linear perturbation. 
The general requirements for the ejected beam are a low emittance and 
uniform intensity during ejection. The last requirement is easier to 
satisfy if the resonance band is sufficiently wide. As can be seen 
from table 1, the most suitable resonances are the resonance of the 
third order for quadratic non-linearity, and the second order resonance 
when there is the combined action of the cubic non-linearity 
and gradient. The first-order resonance when Q is an integer is, 
however, particularly unsuitable. 
In conclusion, the authors wish to express their thanks to 
V.I. Balbekov for numerous fruitful discussions. 
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Fig. 1. Phase trajectories near the fourth order 
resonance (1 - δ ≠ 0; 2 - δ = 0). 
Fig. 2. Phase trajectories near the 
third order resonance (1 - δ ≠ 0; 2 - δ = 0). 
Fig. 3. Phase trajectories near the second order 
resonance (1 - δ ≠ 0; 2 - δ = 0). 
Fig. 4. Phase trajectories near the first 
order resonance 
(1 - δ ≠ 0; 2 - δ = Ο). 
